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A WEAK WEYL’S LAW ON COMPACT METRIC MEASURE
SPACES
ISAAC Z. PESENSON
Abstract. The well known Weyl’s Law (Weyl’s asymptotic formula) gives an
approximation to the number Nω of eigenvalues (counted with multiplicities)
on a large interval [0, ω] of the Laplace-Beltrami operator on a compact Rie-
mannian manifold M. In this paper we prove a kind of a weak version of the
Weyl’s law on certain compact metric measure spaces X which are equipped
with a self-adjoint non-negative operator L acting in L2(X). Roughly speak-
ing, we show that if a certain Poincare´ inequality holds then Nω is controlled
by the cardinality of an appropriate cover Bω−1/2 = {B(xj , ω
−1/2)}, xj ∈ X,
of X by balls of radius ω−1/2. Moreover, an opposite inequality holds if the
heat kernel that corresponds to L satisfies short time Gaussian estimates.
It is known that in the case of the so-called strongly local regular with
a complete intrinsic metric Dirichlet spaces the Poincare´ holds iff the corre-
sponding heat kernel satisfies short time Gaussian estimates. Thus for such
spaces one obtains that Nω is essentially equivalent to the cardinality of a
cover Bω−1/2 .
1. Introduction
The well known Weyl’s asymptotic formula gives an approximation to the num-
ber Nω of eigenvalues (counted with multiplicities) on an interval [0, ω] of the
Laplace-Beltrami operator on a compact Riemannian manifold M. Namely, ac-
cording to the Weyl’s asymptotic formula one has for large ω
(1.1) Nω ∼ C V ol(M)ωn/2,
where n = dimM and C depends on M. Let’s rewrite it in the following form
(1.2) Nω ∼ C V ol(M)ωn/2 = C V ol(M)(
ω−1/2
)n , n = dimM.
Since in the case of a Riemannian manifold M of dimension n all the balls of the
same small radius ǫ have essentially the same volume ∼ ǫn the last fraction can be
interpreted as a number of balls B(xν , ω
−1/2) with centers {xν} and radius ω−1/2
in an ”optimal” cover of M.
Alternatively, if Mω−1/2 is the set of centers of balls in such ”optimal” cover of
M than the above arguments show that there exist two positive constants C1, C2
which depend of M but independent of ω > 0 for which
(1.3) C1 card (Mω−1/2) ≤ Nω ≤ C2 card (Mω−1/2) .
This double inequality is a statement which is weaker than the asymptotic formula
and it is what we call the Weak Weyl’s Law. It should be noted that interpretation
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of (1.1) as a statement about a cover requires the assumption that all the balls of the
same small radius have essentially the same volume (which is clearly not satisfied in
general see section 7 below). However, the weaker statement (1.3) does not require
a such assumption.
The main goal of the paper is to sketch a direct proof of inequalities similar to
(1.3) inequality (see Theorem 5.4) in a setting of compact metic measure spaces. In
the case of compact Riemannian manifolds a similar statement was proved in [19].
It should be noted that a complete analog of the classical Weyl’s asymptotic
formula was recently established in [2], [23] under very strong assumptions about
the curvature of the underlying metric measure space. We prove only a weaker
form of the Weyl’s asymptotic formula but our assumptions about a space seems
to be much weaker. Generally speaking, we will work in a framework in which the
main objects are:
(a) a compact metric measure space X with doubling property,
(b) a non-negative densely defined symmetric operator L in the corresponding
space L2(X) whose closure is self-adjoint.
First we show that there exists a constant N = N(X) and for every sufficiently
small ρ > 0 there exists a set of points Xρ = {xj}, xj ∈ X such that
(1) Balls B(xj , ρ/2) are disjoint;
(2) {B(xj , ρ)} is a cover of X and its multiplicity is not greater than ≤ N .
We say that that Xρ = {xj}, xj ∈ X, ρ > 0, is a metric (ρ, N)-lattice if it satisfies
properties (1) and (2).
In our first main Theorem 4.2 we prove that modulo some techical assumptions
if the Poincare´ inequality holds in the form (2.3) (see below) then the operator
L has a discrete spectrum 0 ≤ λ0 ≤ λ1 ≤ λ2, ... which goes to infinity without
any accumulation points. Thus it makes sense to introduce Nω(L) as a number of
eigenvalues of L (counted with multiplicities) which are not greater than ω > 0.
The last part of the Theorem 4.2 says that under the same assumptions as in the
first part of the Theorem, there exists a constant 0 < γ = γ(X) < 1 such that for
all sufficiently large ω > 0 the following inequality holds
(1.4) Nω(L) ≤ inf card
(Xγω−1/2) ,
where inf is taken over all (γω−1/2, N)-lattices.
The second result is established under different assumptions. Namely, in Theo-
rem 5.2 we show that if the heat kernel of the heat semigroup generated by L satisfies
short time Gaussian estimates (see (5.2)) then there exists a constant
0 < c = c(X) < 1
such that for all sufficiently large ω the number Nω(L) of eigenvalues of L in [0, ω]
satisfies the following inequality
(1.5) c sup card (Xω−1/2) ≤ Nω(L),
where sup is taken over all (ω−1/2, N)-lattices. It should be nouted that the proof
of this lower estimate heavily depend on some ideas in [7] and, particular, on the
first part of their Lemma 3.19 (see Lemma 5.3 in the present paper). Our section
8 contains a slightly modified proof of this lemma.
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We combine these two statements in Theorem 5.4. In section 6 we remind a
known fact that under some additional assumptions on X and L (i.e. in the setting
of a special type of metric measure spaces the so-called Dirichlet spaces [1], [4], [8],
[20]-[22]) existence of the Poincare´ inequality is equivalent to the ”correct” short
time Gaussian estimates([9], [22]). After that in section 7 we illustrate our results
in the case of sub-Riemannian compact homogeneous manifolds.
2. Metric measure spaces and Poincare inequality
A compact metric measure space in the sense of Coifman and Weiss [5], [6], is a
triple (X, d, µ) where X is a compact metric space with a metric d and a positive
Radon measure µ such that the doubling condition holds. Namely,
Assumption A. There exists a D > 0, such that for every open ball B(x, r)
with center x ∈ X and radius r > 0, the following inequality holds
(2.1) 0 < |B(x, 2r)| ≤ 2D |B(x, r)| ,
where | · | is the volume of a ball.
Our next assumptions are about ”analysis”.
Assumption B. The real space L2(X, µ) is equipped with a non-negative sym-
metric operator L defined on a dense domain D(L):
〈Lf, g〉 = 〈f,Lg〉 , f, g ∈ D(L).
We assume that D∞(L) = ⋂k∈ND(Lk) is a subalgebra of the space of continuous
functions C(X).
These assumptions along with compactness ofX imply that the following bilinear
map is well defined on D∞(L)×D∞(L) and maps it into L1(X, µ)
Γ(f, g) =
1
2
(L(fg)− fLg − gLf) , f, g ∈ D∞(L).
The following function is a sort of ”squared gradient” of f ∈ D∞(L):
Γ(f, f) =
1
2
(L(f2)− 2fLf) ∈ L1(X, µ).
At the same time, by applying the spectral theorem to the operator L one can
consider the positive square root L1/2.
Assumption C. There exists a c > 0 such that for all f ∈ D∞(L) the
following inequality holds
(2.2)
∫
X
Γ(f, f)(x)dµ(x) ≤ c
∥∥∥L1/2f∥∥∥2 .
Our main assumption which connects the operator L and the metric measure
space is the Poincare´ inequality. Namely, we assume the following.
4 ISAAC Z. PESENSON
Assumption D. There exists constant C > 0 such that for any f ∈ D∞(L) =⋂
k∈ND(Lk) and any ball B(x, ρ), x ∈ X, of a sufficiently small radius ρ the
following local Poincare´ inequality holds
(2.3)
∫
B(x,ρ)
|f(y)− fB|2dµ(y) ≤ Cρ2
∫
B(x,ρ)
Γ(f, f)(y)dµ(y),
where
fB =
1
|B(x, ρ)|
∫
B(x,ρ)
f(x)dµ(x).
Remark 2.1. It should be stressed that for our purposes it is sufficient to request
that the Poincare´ inequality holds only for functions in D∞(L). It is a little less
than the common assumption (see for example [7]).
3. Paley-Wiener functions
Following [15] -[18] we introduce the subspaces Eω(L), ω > 0, of Paley-Wiener
functions in L2(X). We are going to apply the functional model of the spectral
theory [3] to the non-negative self-adjoint operator L. According to this model
there exist a direct integral of Hilbert spaces A =
∫∞
0
A(λ)dm(λ) and a unitary
operator F from L2(X, µ) onto A, which transforms domain of Lk onto Ak = {a ∈
A|λka ∈ A} with norm
‖a(λ)‖Ak =
(∫ ∞
0
λ2k‖a(λ)‖2A(λ)dm(λ)
)1/2
besides F(Lkf) = λk(Ff), if f belongs to the domain of Lk. As known, A is the
set of all m-measurable functions λ→ a(λ) ∈ A(λ), for which the norm
‖a‖A =
(∫ ∞
0
‖a(λ)‖2A(λ)dm(λ)
)1/2
is finite.
Definition 1. The space of ω-Paley-Wiener functions Eω(L), ω > 0, is defined as
the set of all functions whose ”Fourier transform” Ff has support in [0, ω].
Note that at this point we don’t have any information about the spectrum of L.
Lemma 3.1. The space Eω(L) consists of all f ∈ D∞(L) =
⋂
j∈ND(Lj) for which
the following Bernstein inequalities hold
(3.1)
∥∥∥Lk/2f∥∥∥ ≤ ωk‖f‖, k ∈ N.
4. The upper estimate
First, we describe what will be called a metric lattice.
Lemma 4.1. There exists a constant N = N(X) and for every sufficiently small
ρ > 0 there exists a set of points Xρ = {xj}, xj ∈ X such that
(1) Balls B(xj , ρ/2) are disjoint;
(2) {B(xj , ρ)} is a cover of X and its multiplicity is not greater than ≤ N .
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Proof. Let us choose a family of disjoint balls B(xi, ρ/2) such that there is no ball
B(x, ρ/2), x ∈ M, which has empty intersections with all balls from our family.
Then the family B(xi, ρ) is a cover of M . Every ball from the family {B(xi, ρ)},
that has non-empty intersection with a particular ball B(xj , ρ) is contained in the
ball B(xj , 2ρ). Since any two balls from the family {B(xi, ρ/2)} are disjoint, it
gives the following estimate for the index of multiplicity N of the cover {B(xi, ρ)}:
(4.1) N ≤ sup
y∈X
|B(y, 2ρ)|
infx∈B(y,2ρ)| |B(x, ρ/2)| .
Note, that the doubling inequality
0 < |B(x, 2r)| ≤ 2D |B(x, r)|
implies the next two inequalities
(4.2) |B(x, ρr)| ≤ (2ρ)D|B(x, r)|, x ∈ X, r > 0, ρ > 1,
and
(4.3) |B(x, r)| ≤ 2D (1 + d(x, y)/r)D |B(y, r)|, x, y ∈ X, r > 0.
Indeed, if 2k ≤ ρ < 2k+1 then 2(k+1)D ≤ (2ρ)D and
|B(x, ρr)| ≤ ∣∣B(x, 2k+1r)∣∣ ≤ 2(k+1)D |B(x, r)| ≤ (2ρ)D |B(x, r)| .
On the other hand, one has B(x, r) ⊂ B (y, r + d(x, y)) = B (y, (1 + d(x, y)/r) r)
and it implies (4.3).
Now, since x ∈ B(y, 2ρ) we have d(x, y) ≤ 2ρ and according to (4.3)
|B(y, ρ/2)| ≤ 2D
(
1 +
d(x, y)
ρ/2
)D
|B(x, ρ/2)| ≤ 10D|B(x, ρ/2)|.
In other words for any y ∈ X and every x ∈ B(y, 2ρ) one has
(4.4) |B(x, ρ/2)| ≥ 10−D|B(y, ρ/2)|.
This inequality along with (4.2) allows to continue estimation of N :
N ≤ 10D sup
y∈X
|B(y, 2ρ)|
|B(x, ρ/2)| ≤ 10
D sup
y∈X
8D|B(y, ρ/2)|
|B(y, ρ/2)| = 80
D = N(X).

Definition 2. Every set that Xρ = {xj}, xj ∈ X, ρ > 0, that satisfies properties of
the previous lemma will be called a metric (ρ, N)-lattice.
We are going to prove the following theorem.
Theorem 4.2. Assume that for a compact measure metric space X and operator
L all the above Assumptions A-D are satisfied. Then
(1) Every space Eω(L) is finite-dimensional.
(2) The operator L has a discrete spectrum 0 ≤ λ0 ≤ λ1 ≤ λ2, ... which goes to
infinity without any accumulation points and there exists a complete family
{ψj} of orthonormal eigenfunctions which form a basis in L2(X, µ).
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(3) There exists constant 0 < γ = γ(X) < 1 such that for all sufficiently large
ω the following inequality holds
(4.5) Nω ≤ inf card
(Xγω−1/2) ,
where Nω is a number of eigenvalues of L (counted with multiplicities)
which are not greater than ω > 0, and inf is taken over all (γω−1/2, N)-
lattices.
Proof. We note that for all α > 0
|A|2 ≤ (|A−B|+ |B|)2 ≤ |A−B|2 + 2|A−B||B|+ |B|2,
and
2|A−B||B| ≤ α−1|A−B|2 + α|B|2, α > 0,
which imply the inequality
(4.6) (1 + α)−1|A|2 ≤ α−1|A−B|2 + |B|2, α > 0.
Let Xρ = {xj} be a (ρ,N)-lattice and
ζj(x) = |B(xj , ρ)|−1χj(x), ξj(x) = |B(xj , ρ)|−1/2χj(x),
where χj is characteristic function of B(xj , ρ). One has for any f ∈ L2(X, µ) and
any α > 0,
‖f‖2 ≤
∑
j
∫
B(xj ,ρ)
|f |2 ≤
(4.7) ≤ (1 + α)
∑
j
∫
B(xj,ρ)
|f − 〈f, ζj〉 |2 + 1 + α
α
∑
j
| 〈f, ξj〉 |2.
According to Poincare´ inequality (2.3) if f belongs to D∞(L) then
∑
j
∫
B(xj ,ρ)
|f − 〈f, ζj〉 |2 ≤ Cρ2
∑
j
∫
B(xj,ρ)
Γ(f, f)(y)dµ(y).
Since cover by B(xj , ρ) has finite multiplicity N it gives
∑
j
∫
B(xj ,ρ)
|f − 〈f, ζj〉 |2 ≤ CNρ2
∫
X
Γ(f, f)(y)dµ(y)
and thanks to the gradient property∫
X
Γ(f, f)(x)dµ(x) ≤ c
∥∥∥L1/2f∥∥∥2 .
it implies
(4.8)
∑
j
∫
B(xj ,ρ)
|f − 〈f, ζj〉 |2 ≤ CcNρ2
∥∥∥L1/2f∥∥∥2 .
Thus combining (4) and (4.8) we obtain a kind of global Poincare´ inequality:
(4.9) ‖f‖2 ≤ 1 + α
α
∑
j
| 〈f, ξj〉 |2 + (1 + α)CcNρ2
∥∥∥L1/2f∥∥∥2 .
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If f ∈ Eω(L) then the Bernstein inequality gives
‖f‖2 ≤ 1 + α
α
∑
j
| 〈f, ξj〉 |2 + (1 + α)CcN(ρω1/2)2‖f‖2.
If γ < ((1 + α)CcN)
−1
then by choosing ρ which satisfies
ρ = γω−1/2
we can move the second term on the right to the left side to obtain for f ∈ Eω(L)
‖f‖2 ≤ 1
1− τ
1 + α
α
∑
j
| 〈f, ξj〉 |2 = C1
∑
j
| 〈f, ξj〉 |2,
where
τ = (1 + α)CcNγ2 < 1, C1 =
1
1− τ
1 + α
α
, C1 = C1(C, c,N, α).
Since the space X is compact every lattice contains only a finite number of points.
The last inequality shows that every function in Eω(L) is determined by a finite
number of functionals. It gives the first two items of our statement.
Moreover, the dimension Nω of the space Eω(L) is exactly the same as a number
of eigenvalues of L (counted with multiplicities) which are not greater than ω > 0.
Since it is clear that the dimension Nω cannot be bigger than cardinality of a
sampling set for Eω(L), we obtain the third item of our theorem. Theorem is
proved.

5. The lower estimate
We are going to make use of the heat kernel Pt(x, y) which is associated with
the heat semigroup e−tL generated by the self-adjoint operator L:
(5.1) e−tLf(x) =
∫
X
Pt(x, y)f(y)µ(y).
We assume that in addition to all the previous Assumptions A-D the heat kernel
satisfies short-time Gaussian estimates
Assumption E. There exist positive constants C1, C2, c1, c2, such that
(5.2)
C1e
−c1
(dist(x,y))2
t√
µ(B(x,
√
t))µ(B(y,
√
t))
≤ Pt(x, y) ≤ C2e
−c2
(dist(x,y))2
t√
µ(B(x,
√
t))µ(B(y,
√
t))
where 0 < t < 1 and µ(B(y,
√
t)) is the volume of the ball.
Remark 5.1. The estimate (5.2) ”knows” that in the case of a general metric
measure space balls of the same radius may have different volumes.
Our objective in this section is to prove the following statement.
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Theorem 5.2. Suppose that a compact metric measure space X and a self-adjoint
operator L in L2(X) and all the Assumptions A-E are satisfied. There exists a
constant
0 < c = c(X) < 1
such that for all sufficiently large ω the number Nω(L) of eigenvalues of L in [0, ω]
satisfies the following inequality
(5.3) c sup card (Xω−1/2) ≤ Nω(L),
where sup is taken over all (ω−1/2, N)-lattices.
Proof. The key ingredient in the proof of Theorem 5.2 is the following lemma which
contains certain information about pointwise growth of eigenfunctions ψl in terms
of the metric and measure.
Lemma 5.3. (CPK, Lemma 3.19) Under Assumptions A-E there exist constants
a1 = a1(X) > 0, a2 = a2(X) > 0 such that for all sufficiently large s > 0
(5.4)
a1
|B(x, s−1)| ≤
∑
l, λl≤s
|ψl(x)|2 ≤ a2|B(x, s−1)| .
A proof of this lemma is given in Appendix 8. We apply Lemma 5.3 when t = ω
to obtain the following inequality for sufficiently large ω:
(5.5)
1
|B(x, ω−1/2)| ≤ c1
∑
l, λl≤ω
|ψl(x)|2.
One has
card (Xω−1/2) =
∑
xj∈Xω−1/2
|B(xj , ω−1/2)|
|B(xj , ω−1/2)| =
∑
xj∈Xω−1/2
1
|B(xj , ω−1/2)|
∫
B(xj ,ω−1/2)
µ(x).
On the other hand, since for every x ∈ B(xj , ω−1/2) one has dist(xj , x) ≤ ω−1/2
the inequality
|B(x, r)| ≤ 2D (1 + d(x, y)/r)D |B(y, r)|, x, y ∈ X, r > 0.
gives
|B(x, ω−1/2)| ≤ 4D|B(xj , ω−1/2)|.
Thus one has∫
B(xj ,ω−1/2)
1
|B(xj , ω−1/2)|µ(x) ≤ 4
D
∫
B(xj ,ω−1/2)
µ(x)
|B(x, ω−1/2)| .
This inequality along with (5.5) shows that for every sufficiently large ω > 0 and
every (ω−1/2, N)-lattice Xω−1/2 the following inequalities hold true
card (Xω−1/2) ≤ 4D
∑
xj∈Xω−1/2
∫
B(xj ,ω−1/2)
µ(x)
|B(x, ω−1/2)| ≤
4DN
∫
X
µ(x)
|B(x, ω−1/2)| ≤ 4
Dc1
∫
X

 ∑
l, λl≤ω
|ψl(x)|2

µ(x).
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Since
(5.6)
∫
X

 ∑
l, λl≤ω
|ψl(x)|2

µ(x) = ∑
l, λl≤ω
∫
X
|ψl(x)|2µ(x) = Nω(L),
we obtain the inequality
(5.7) card (Xω−1/2) ≤ c2Nω(L),
for some c2 = c2 (X). Thus there exists a positive c = c(X) < 1 such that
(5.8) c sup card (Xω−1/2) ≤ Nω(L),
where sup is taken over all lattices Xω−1/2 . Theorem 5.2 is proven.

To summarize we formulate next theorem.
Theorem 5.4. Assume that for a compact measure metric space X and operator
L all the above assumptions A-E are satisfied. Then there are constants 0 < c =
c(X) < 1 and 0 < γ = γ(X) < 1 such that for all sufficiently large ω the following
double inequality holds
c sup card (Xω−1/2) ≤ Nω(L) ≤ inf card
(Xγω−1/2) ,
where sup and inf are taken over all (ω−1/2, N)-lattices and (γω−1/2, N)-lattices
respectively.
6. Strongly local regular with a complete intrinsic metric
Dirichlet spaces
It is a natural question to ask if there exist conditions under which our As-
sumptions A-E hold true. It is a known fact [9, 22] that for the so-called strongly
local regular with a complete intrinsic metric Dirichlet spaces (see [1], [4], [8], [20]-
[22]) the Poincare´ inequality (2.3) holds if and only the Gaussian estimates (5.2)
hold. In what follows we remind definition of such Dirichlet spaces.
Suppose that we are given a metric measure space X with doubling property
(2.1), and a positive densely defined symmetric operator L in the corresponding
space L2(X)
6.1. Dirichlet spaces. We consider a symmetric non-negative form
E(f, g) = 〈Lf, g〉 = E(g, f), E(f, f) = 〈Lf, f〉 ≥ 0,
with domain D(E) = D(L). On D(E) we introduce the pre-hilbertian closable
structure defined as
‖f‖2E = ‖f‖2 + E(f, f)
which has a closure E in L2(X, µ) with domain D(E) . Now one can construct a
self-adjoint extension L of the operator L whose domain consists of all f ∈ D(E)
for which there exists v ∈ L2(X, µ) such that E(f, g) = 〈v, g〉 for all g ∈ (E) and by
definition Lf = v. The operator L is non-negative, self-adjoint, and
D(E) = D
(
(L)1/2
)
, E(f, g) =
〈
(L)1/2f, (L)1/2g
〉
.
10 ISAAC Z. PESENSON
Using the regular spectral theory of positive self-adjoint operators, one can associate
with L a self-adjoint strongly continuous contraction semigroup in L2(X)
T (t) = e−tL =
∫ ∞
0
e−σtdEσ,
where Eσ is the spectral resolution associated with L.
Our next assumption is that T (t) is a submarkovian semigroup which means
that if 0 ≤ f ≤ 1 and f ∈ L2(X) then 0 ≤ T (t)f ≤ 1.
If the above conditions are satisfied, one says that the pair (D(E), E) is a Dirichlet
space.
6.2. Definition of strongly local regular with a complete intrinsic metric
Dirichlet spaces. .
The form E is strongly local if E(f, g) = 0, f, g ∈ D(E) for every f with compact
support and g constant on a neighborhood of the support of f . The form E is
regular if the space C0(X) of continuous functions on X with compact support has
the property that the algebra C0(X) ∩ D(E) is dense in C0(X) with respect to the
sup norm, and dense in D(E) in the norm
√
E(f, f) + ‖f‖22.
Under the above assumptions there exists a bilinear symmetric form dΓ defined
on D(E) × D(E) with values in the signed Radon measures on X such that for
f, g, h ∈ C0(X) ∩ D(E)
E(hf, g) + E(f, hg)− E(h, fg) = 2
∫
X
h dΓ(f, g).
In particular,
E(f, g) =
∫
X
dΓ(f, g), dΓ(f, f) ≥ 0.
If one assums that D(L) is a subalgebra of C0(X), then dΓ is absolutely continuous
with respect to original measure µ, i.e.
dΓ(f, g) = Γ(f, g)dµ,
where
Γ(f, g) =
1
2
(L(fg)− fLg − gLf) , f, g ∈ D(L).
To summarize, there exists a bilinear function Γ which maps D(E) × D(E) to
L1(X) such that Γ(f, f)(x) ≥ 0,
E(hf, g) + E(f, hg)− E(h, fg) = 2
∫
X
h dΓ(f, g),
where f, g, h ∈ D(E) ∩ L∞(X) and
E(f, g) = 2
∫
X
Γ(f, g)(x)dµ(x).
The intrinsic distance ρ(x, y) on X is defined as
ρ(x, y) = sup{|φ(x) − φ(y)|},
where sup is taken over all φ ∈ C0(X ) ∩ D(E) for which the ”gradient” Γ(φ, φ)(x)
is not greater than one. Our next important assumption is that topology generated
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by the intrinsic distance ρ(x, y) is the same as the original topology of X and the
metric space (X, ρ) is complete.
The following important fact can be found in [9, 22]: for a Dirichlet space with the
above formulated assumptions existence of a local Poincare´ inequality is equivalent
to existence of short time Gaussian estimates for the corresponding heat kernel.
7. Examples
7.1. Compact Riemannian manifolds. One can easily check that in the case of
R
n or torus Tn if L is the regular Laplace operator ∆ =∑j ∂2∂x2j then for smooth
f
Γ(f, f) = |∇f |2 =
∑
j
∣∣∣∣ ∂f∂xj
∣∣∣∣
2
and the local Poincare inequality takes the form∫
B(x,ρ)
|f(y)− fB|2dµ(y) ≤ Cρ2
∫
B(x,ρ)
|∇f(y)|2dµ(y).
In these cases the equivalence∥∥∥L1/2f∥∥∥2 ∼
∫
X
|∇f(x)|2dµ(x).
holds true.
A similar Poincare inequality holds on a compact Riemannian manifold M if
L is the corresponding Laplace-Beltrami operator. All the properties formulated
above are known to hold on compact Riemannian manifolds. The inequality (2.2)
(and even equivalence) is known for compact Riemannian manifolds. Moreover,
it is known that in the case of a compact Riemannian manifold of dimension d
the estimate (5.2) holds and takes the following form (due to the fact that in
Riemannian situation all the balls of radius
√
t have essentially the same volume
td/2, d = dimM)
(7.1) C1t
−d/2e−c1
(dist(x,y))2
t ≤ Pt(x, y) ≤ C2t−d/2e−c2
(dist(x,y))2
t
where 0 < t < 1 and every constant depends on M.
7.2. Compact homogeneous sub-Riemannian manifolds. Another interest-
ing set of examples is given by compact homogeneous sub-Riemannian manifolds.
LetM = G/H whereG,H are a compact Lie groups be a compact homogeneous
manifold. Let X = {X1, ..., Xd} be a basis of the Lie algebra g of the group G .
Let
(7.2) Y = {Y1, ..., Ym}
be a subset of X = {X1, ..., Xd} such that Y1, ..., Ym and all their commutators
Yj,k = [Yj , Yk] = YjYk − YkYj ,
(7.3) Yj1,...,jn = [Yj1 , [....[Yjn−1 , Yjn ]...]],
of order n ≤ E span the entire algebra g.
Let
(7.4) Z1 = Y1, Z2 = Y2, ..., Zm = Ym, ... , ZN ,
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be an enumeration of all commutators (7.2) up to order n ≤ E . If a Zj corresponds
to a commutator of length n we say that deg(Zj) = n. Images of vector fields (7.4)
under the natural projection p : G →M = G/H span the tangent space to M at
every point and will be denoted by the same letters.
Definition 3. A sub-Riemann structure onM = G/H is defined as a set of vectors
fields on M which are images of the vector fields (7.2) under the projection p. They
can also be identified with differential operators in Lp(M), 1 ≤ p < ∞, under the
quasi-regular representation of G.
One can define a non-isotropic metric π onM associated with the fields {Y1, ..., Ym}
(see [14]).
Definition 4. The following inequalities describe relations of this metric with an
G-invariant Riemannian metric dist on M = G/H:
a dist(x, y) ≤ π(x, y) ≤ b (dist(x, y))1/E
for some positive a = a(Y1, ..., Ym), b = b(Y1, ..., Ym). Suppose that C(ǫ) denotes
the class of absolutely continuous mappings ϕ : [0, 1]→M which almost everywhere
satisfy the differential equation
ϕ
′
(t) =
m∑
j=1
hj(t)Zj(ϕ(t)),
where |hj(t)| < ǫdeg(Zj). Then we define π(x, y) as the lower bound of all such ǫ > 0
for which there exists ϕ ∈ C(ǫ) with ϕ(0) = x, ϕ(1) = y.
The corresponding family of balls in M is given by
Bπ(x, ǫ) = {y ∈M : π(x, y) < ǫ}.
These balls reflect the non-isotropic nature of the vector fields Y1, ..., Ym and their
commutators. For a small ǫ > 0 ball Bπ(x, ǫ) is of size ǫ in the directions Y1, ..., Ym,
but only of size ǫn in the directions of commutators of length n. As a result, balls of
the same radius may have different volumes. Note that in the case of a Riemannian
manifold of dimension n all the balls B(x, ǫ) of the same radius have essentially the
same volume of order ǫn.
We will be interested in the following sub-elliptic operator (sub-Laplacian)
(7.5) − L = Y 21 + ...+ Y 2m
which is hypoelliptic [12], self-adjoint and non-negative in L2(M). One can easily
check that the corresponding gradient which was introduces above is given by the
formula
|Γ(f, f)| = |Y1f |2 + ...+ |Ymf |2.
In this setting the following Poincare inequality is known: there exists a C > 0 such
that for any Bπ(x, ǫ) and any f ∈ C∞
(
Bπ(x, ǫ)
)
(7.6)
∫
Bpi(x,ǫ)
|f − fBpi(x,ǫ)|2 ≤ Cǫ2
∫
Bpi(x,ǫ)
|Γ(f, f)|2 ,
where
fBpi(x,ǫ) = |Bπ(x, ǫ)|−1
∫
Bpi(x,ǫ)
f.
The Gaussian estimates for the corresponding heat kernel are also known [13].
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7.3. Sphere S2 with a sub-Riemannian metric. A sub-Laplacian and sub-
elliptic spaces on S2. To illustrate nature of sub-Riemannian manifolds let’s
consider the case of the two-dimensional sphere S2 in the space(x1, x2, x3). We
consider on S2 two vector fields Y1 = X2,3 and Y2 = X1,3 where Xi,j = xi∂j −xj∂i.
The corresponding sub-Laplace operator is
−L = Y 21 + Y 22 ,
and the corresponding ”gradient squared” is
Γ(f, f) = |Y1f |2 + |Y2f |2 .
All the previous assumptions are satisfied in this case. Note that since the operators
Y1, Y2 do not span the tangent space to S
2 along a great circle with x3 = 0
the operator L is not elliptic on S2. Since Y1, Y2, and their commutator Y3 =
Y1Y2 − Y2Y1 = X1,2 span the tangent space at every point of S2, balls of a small
radius ǫ with center on the circle (x1, x2, 0) have volumes of order ǫ
3 but balls with
centers away from this circle have volumes of order ǫ2. Note [12], that the operator
−L is hypoelliptic.
8. Appendix. Proof of Lemma 5.3
In this proof we closely follow [7]. Note, that the Gaussian estimates (5.2) clearly
imply that for every x ∈ X and every t > 0 the quantity 1/Pt(x, x) is comparable
to the volume of the ball B(x, t1/2). Namely,
(8.1)
C1
|B(x, t1/2)| ≤ Pt(x, x) ≤
C2
|B(x, t1/2)| , |B(x, t
1/2)| = µ(B(x, t1/2)).
For any measurable bounded function F (λ), λ ∈ [0, ∞) with compact support and
any t > 0 one defines a bounded operator F (t
√
L) by the formula
(8.2) F (t
√
L)f(x) =
∫
X
KFt (x, y)f(y)dy =
〈
KFt (x, ·), f(·)
〉
,
where f ∈ L2(X) and
(8.3) KFt (x, y) =
∞∑
l=0
F (t
√
λl)ψl(x)ψl(y) = K
F
t (y, x).
The function KFt is known as the kernel of the operator F (t
√
L). Let us notice,
that if 0 ≤ F1 ≤ F2 and both of them are bounded and have compact supports then
KF1t (x, x) ≤ KF2t (x, x) for any x ∈ X and t > 0. Indeed, in this case F2 = F1+H ,
where H is not negative. By (8.3) we have
(8.4) KF2t (x, x) = K
F1
t (x, x) +K
H
t (x, x)
where each term is non-negative. Next, we note that using the right-hand side of
(8.1), property (8.4), and the inequality χ[0, s](λ) ≤ ee−s−2λ2 we obtain∑
l, λl≤s
|ψl(x)|2 ≤ e
∑
l, λl≤s
e−s
−2λ2l |ψl(x)|2 ≤
(8.5) e
∑
l∈N
e−s
−2λ2l |ψl(x)|2 = ePs−2(x, x) ≤ a2|B(x, s−1)| , a2 = a2(X).
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To prove the left-had side of (5.4) consider the inequality
e−tλ
2
= e−tλ
2
χ[0, s] +
∑
j≥0
χ[2js, 2j+1s](λ)e
−tλ2 ≤
χ[0, s] +
∑
j≥0
χ[0, 2j+1s](λ)e
−t22js2 ,
which implies
(8.6) Pt(x, x) ≤ Kχ[0,s]1 (x, x) +
∑
j>0
e−t2
2js2Kj1(x, x),
where
K
χ[0,s]
1 (x, x) =
∑
l, λl≤s
|ψl(x)|2,
K
χ[0,s]
1 (x, y) being the kernel of the operator χ[0,s]
(√L) and
Kj1(x, x) =
∑
l, λl≤2j+1s
|ψl(x)|2,
Kj1(x, y) being the kernel of the operator χ[0, 2j+1s](
√L). In conjunction with (5.2)
it gives
c3|B(x, t−1/2)| ≤ Pt(x, x) ≤ Kχ[0,s]1 (x, x) +
∑
j>0
e−t2
2js2Kj1(x, x) =
(8.7)
∑
l, λl≤s
|ψl(x)|2 +
∑
j>0
e−2
2jts2
∑
l, λl≤2j+1s
|ψl(x)|2.
Note, that according to (2.1) if ρ > 1 and ρs−1 is sufficiently small then
(8.8) |B(x, ρs−1| ≤ cρD|B(x, s−1)|.
Next, given s ≥ 1 and m ∈ N we pick t such that
(8.9) s
√
t = 2m.
The inequality (8.8) and the condition (8.9) imply
(8.10)
(c2mD)−1
|B(x, s−1)| ≤
1
|B(x, 2ms−1)| ≤ c1|B(x, t
−1/2)|, m ∈ N,
and
(8.11)
1
|B(x, 2−m−1s−1)| ≤
c2(m+1)D
|B(x, s−1)| .
Thus according to (8.10), (8) and (8) we obtain that for a certain constant c2 =
c2(X)
(c2mD)−1
|B(x, s−1)| ≤ c1|B(x, t
−1/2)| ≤
c2

 ∑
l, λl≤s
|ψl(x)|2 +
∑
j>0
e−2
2jts2
∑
l, λl≤2j+1s
|ψl(x)|2

 ≤
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(8.12) c2

 ∑
l, λl≤s
|ψl(x)|2 +
∑
j>0
e−2
2jts2
|B(x, 2−j−1s−1)|

 .
Using (8), (8.9), and (8.11) we obtain that for a certain constant a = a(X)
(c2mD)−1
|B(x, s−1)| ≤ a

 ∑
l, λl≤s
|ψl(x)|2 +
∑
j>0
e−2
2j22m2(j+1)D
|B(x, s−1)|

 ≤
c2

 ∑
l, λl≤s
|ψl(x)|2 + 2
D
|B(x, s−1)|
∑
j>0
e−2
2j22m2jD

 .
Since
2D
|B(x, s−1)|
∑
j>0
e−2
2j22m2jD ≤ 2
D2−mD
|B(x, s−1)|
∑
j>0
e−2
2j22m2(j+m)D ≤
2D2−mD
|B(x, s−1)|
∑
j>0
e−2
2(j+m)
2(j+m)D ≤ 2
D2−mD
|B(x, s−1)|
∑
j>m
e−2
2j
2jD,
one has that there are positive constants c3, c4 such that for all sufficiently large s
and m ∈ N
2−mD
|B(x, s−1)|

c3 − c42D ∑
j≥m
e−2
2j2jD

 ≤ ∑
l, λl≤s
|ψl(x)|2,
where expression in parentheses is positive for sufficiently large m ∈ N. It proves
the left-had side of (5.4). Lemma 5.3 is proven.
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